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Abstract: In this paper, we give a generate function for the o\ function. Then we 
find some connections between the <j\ function and the Ramanujan's tau function. 
We hope this connection will give some insights into the unsolved problems in classical 
number theory. 
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1. Introduction 

Consider the following function: 

oo 

f(x) = ^ln(l -x n ), 0<x<l. (1.1) 

n=l 

With the help of the Taylor's expansion, we get: 

00 oo oo m OO , s 

f{ x) = y: mi -^) = -££ — = -£ (i-2) 

n=l n=l m=l n=l 

where the arithmetic function cr n is defined as follows(see [|TJ): 

a n (m) = Y,d n . (1.3) 

In this paper, we just consider <ti, that is the sum of positive divisors of m, and will 
omit the subscript 1. Denote E(n) = a(n)/n, then E(n) has some simple properties: 

• E(n) > 1 for every n; 

• when p is a prime, E{p) — (p + l)/p; 

• there exist n such that E(n) = 2, and those numbers are called prefect numbers; 
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E(n) has no up bound. For example, consider N = n\, then E(N) > 1+^2 1/n. 

n=2 

When n ->• oo, £7(iV) -» oo. 



From the equation |1.2| we can get that 

oo oo 
n=l n=l 

That is, —f(x) is the generating function of the i?(n) function. 

2. The properties of the function f(x) 
Since ln(l - x n ) < 0, 



oo oo \ f 

f(x) = y^ln(l — x n ) = y~]ln(l — exp(ralnx)) > / ln(l — exp 

n=l n=l _„ 



lnx 

(2.1) 



On the other hand, i?(ri) > 1, we get 

oo 

/(*) = - < - E x " = -TT- (2-2) 



oo 



X — 1 

n=l n=l 

Combine those two equation, we get 

£21 < /(z) = - V £(n)x n < , < x < 1. (2.3) 

lnx w ' ar - 1 

n=l 

In the following graph, we plot those three functions. Since the function f(x) has 
infinity terms, we just add the first ten and twenty terms, so it intersect with function 
x/(x — 1). If we add more and more terms, the f(x) will be between the other two 
function better and better. 

The right side of the inequality seems trivial, but the left side may give some 
constrains on the arithmetic function E(n) and the related a(n). 

3. Relation with Ramanujan's tau function 

The Ramanujan's tau function is defined implicitly by||] 

oo oo 

x Y[{1 -x n ) 24 = ^r{n)x n . (3.1) 
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Figure 1: Three functions in < x < 1 



From the above equation we can get the relation between the E(n) and the r. 



r(n)x n = x Y[ (1 - x n ) 2A = exp(lna;+24 M 1 ~ X D = x exp(-24 E( 



n)x 



n=l 



n=l 



n=l 



n=l 



(3.2) 



Expanding the exponential function on the right side, we can get the formulas re- 
late the E{n) and the r. For example, we can get r(l) = l,r(2) = — 2AE{\) = 
-24, r(3) = -24E(2) + 1/2 * 24 2 * E(l) = 252, • • - just the right numbers. Unfortu- 
nately we can't get the general formula to calculate the r(n) from E(n), or vice verse. 
From the Ramanujan's tau function we can get the simplest cups form. They also 
satisfy the Ramanujan's conjectures(established by Delinge), that is, \r(p)\ ^ 2p n ^ 2 
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for all primes p. This can also give some constrains to the function E{n). 
4. Conclusion 

In classical number theory, there are many unsolved problems [|T|. The related prob- 
lems for this paper contain " are there infinite many even prefect numbers?" and " are 
there any odd prefect numbers?" and so on. In this paper, we relate those problems 
to modern arithmetic, such as the modular forms, L-function and so on. We hope 
those relations can give some insight into those problems. 
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